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The guaranteed cost distributed fuzzy (GCDF) observer-based control design is proposed for a class of nonlinear spa-
tially distributed processes described by first-order hyperbolic partial differential equations (PDEs). Initially, a T–S
fuzzy hyperbolic PDE model is proposed to accurately represent the nonlinear PDE system. Then, based on the fuzzy
PDE model, the GCDF observer-based control design is developed in terms of a set of space-dependent linear matrix
inequalities. In the proposed control scheme, a distributed fuzzy observer is used to estimate the state of the PDE sys-
tem. The designed fuzzy controller can not only ensure the exponential stability of the closed-loop PDE system but also
provide an upper bound of quadratic cost function. Moreover, a suboptimal fuzzy control design is addressed in the
sense of minimizing an upper bound of the cost function. The finite difference method in space and the existing linear
matrix inequality optimization techniques are used to approximately solve the suboptimal control design problem.
Finally, the proposed design method is applied to the control of a nonisothermal plug-flow reactor. VC 2013 American

Institute of Chemical Engineers AIChE J, 59: 2366–2378, 2013
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Introduction

The behavior of most chemical processes must depend on
spatial position and time, such as heat conduction, fluid flow,
and chemical reactor processes.1–3 The mathematical models
of these processes usually take the form of partial differen-
tial equations (PDEs) and are often derived from the
fundamental balances of momentum, energy, and material.
Moreover, these processes are nonlinear in nature. In such a
situation, the investigations on the control synthesis for non-
linear PDE systems are of theoretical and practical impor-
tance. According to the properties of the spatial differential
operator (SDO), the PDE systems can be generally classified
into hyperbolic, parabolic, elliptic, and so forth.1 The type of
PDE systems essentially determines the approaches for solv-
ing the control problem for PDE systems.

For a parabolic PDE system, the fact that the system dy-
namics is practically determined by a finite number of
modes, motivates the use of modal decomposition techniques
(predominantly Galerkin’s method) to derive a low-dimen-
sional ordinary differential equation (ODE) models that cap-
ture the dominant dynamics of the systems,4–8 which is then

used for control design purposes. The recent development
using finite-dimensional approximation includes linear quad-
ratic (LQ) optimal control9 and robust fuzzy observer-based
control10 based on ODEs derived from the standard Galerkin
method, reconfiguration-based fault-tolerant control,11 and
constrained H1 fuzzy observer-based control12 on the basis
of ODEs obtained from the singular perturbation formulation
of Galerkin’s method. In contrast to parabolic PDE systems,
hyperbolic PDE systems involve an SDO whose eigenvalues
cluster along vertical or nearly vertical asymptotes in the
complex plane and thus cannot be accurately represented by
a finite number of modes. These systems can represent the
dynamics of industrial processes involved in convection with
negligible diffusion effects, for example, fluid heat
exchanger, plug-flow reactor (PFR), and fixed-bed reactor.1

Having recognized that the space-distributed nature of hyper-
bolic PDE systems has to be included in the control develop-
ment, some control approaches have been proposed, for
example, LQ optimal control,1,13,14 sliding mode control,15

geometric control,2,16,17 and model predictive control.18–20

Despite these promising efforts, however, the control of non-
linear hyperbolic PDE systems is a broad area, and further
research is required to develop a simple and effective control
methodology.

In the past few years, many authors have devoted consid-
erable effort to develop various feasible approaches to solve
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the problems of stability analysis and synthesis of nonlinear
systems. Among these approaches, fuzzy control based on
Takagi–Sugeno (T–S) fuzzy model21 becomes more and
more popular (see e.g., Refs. 22–24 and the references
therein for a survey of recent development), as it can com-
bine the merits of both fuzzy logic theory and linear system
theory. It has been shown that fuzzy logic theory is one of
the most useful techniques for utilizing qualitative, linguistic
information about a highly complex nonlinear system to
decompose the task of modeling and control design into a
group of easier local tasks. At the same time, it also provides
the mechanism to blend these local tasks together to yield
the overall model and control design. On the other hand,
advances in linear system theory have made a large number
of powerful design tools available. As a consequence, based
on the T–S fuzzy model, the fruitful linear system theory
can be applied to the stability analysis and controller synthe-
sis of nonlinear systems. As a common belief, this fuzzy-
model-based control technique is conceptually simple and
effective for controlling complex nonlinear systems. So far,
many effective control methods have been reported for non-
linear systems represented by the T–S fuzzy model.25–30

However, the existing fuzzy-model-based results are mainly
developed for nonlinear ODE systems. More recently, Wang
et al.31 developed a distributed fuzzy exponential stabilizing
control design method for a class of nonlinear hyperbolic
PDE systems. Yet, the result31 only considers a simple stabi-
lization problem and requires that the complete information
of the state variables of the PDE system is available.

Motivated by the aforementioned considerations, this study

will deal with the guaranteed cost distributed fuzzy (GCDF)

observer-based control design problem for a class of nonlinear

hyperbolic PDE systems. By using the T–S fuzzy PDE model-

ing method and the parallel distributed compensation (PDC)

scheme,22 a distributed fuzzy observer-based controller is

developed such that the closed-loop PDE system is exponen-

tially stable and an upper bound of quadratic cost function is

provided. In our control scheme, a distributed fuzzy observer is

proposed to estimate the state of the PDE system. The outcome

of the GCDF observer-based control problem is presented in

terms of a set of space-dependent linear matrix inequalities

(SDLMIs). Moreover, a suboptimal control design problem is

addressed in the sense of minimizing an upper bound of the

cost function, which is simply formulated as an SDLMI-based

minimization problem. The minimization problem can be

solved approximately using the finite difference method in

space and the existing linear matrix inequality (LMI) optimiza-

tion techniques.32,33 Finally, the developed design method is

successfully applied to the control of a nonisothermal PFR. It

is worth emphasizing that this study addresses a fuzzy ob-

server-based control design with an optimized guaranteed cost,

which is different from the one31 where a simple fuzzy state

feedback stabilizing control design was only given.
Briefly, the rest of this article is organized as follows.

“Fuzzy PDE Modeling and Problem Formulation” section
introduces the problem formulation. “GCDF Observer-Based
Control Design” section presents a GCDF observer-based
control design method via SDLMIs and an LMI algorithm is
proposed to approximately solve the SDLMI optimization
problem. In “Simulation Example” section, the application
of the proposed design method to a nonisothermal PFR
is provided to illustrate its effectiveness. Finally, some
concluding remarks are offered in “Conclusions” section.

Notations

The following notations will be used throughout this arti-
cle. <, <n, and <m3n denote the set of all real numbers, n-
dimensional Euclidean space, and the set of all m 3 n matri-
ces, respectively. k � k and h�; �i<n denote the Euclidean norm
and inner product for vectors, respectively. Identity matrix,
of appropriate dimensions, will be denoted by I. For a real
square matrix M and M>0 (M<0 and M�0, respectively)
means that M is symmetric and positive definite (negative
definite and negative semidefinite, respectively). The real
square space-varying matrix function P(x), x 2 z1; z2½ � is
symmetric and positive definite (negative definite and nega-
tive semidefinite, respectively), if P(x)>0 (P(x)<0 and
P(x)�0, respectively) for each x 2 z1; z2½ �. kmin (A) and kmax

(A) mean the minimum and maximum eigenvalues of a real
square matrix A, respectively. Hn5q2 z1; z2½ �;<nð Þ is an Hil-
bert space of n-dimensional square integrable vector func-
tions x xð Þ 2 <n and x 2 z1; z2½ � � < with the inner product
and norm

hx1;x2i5
Z z2

z1

hx1 zð Þ;x2 zð Þi<n dz and kx1k25hx1;x1i1=2

where x1 and x2‰H
n. The superscript “T” is used for the

transpose of a vector or a matrix.

Fuzzy PDE Modeling and Problem Formulation

We consider nonlinear first-order hyperbolic PDE systems
in one spatial dimension with a state-space description of the
following form

@y x; tð Þ
@t

5h xð Þ @y x; tð Þ
@x

1f y x; tð Þ; xð Þ1G y x; tð Þ; xð Þu x; tð Þ (1)

yc x; tð Þ5hc y x; tð Þ; xð Þ (2)

z x; tð Þ5hz y x; tð Þ; xð Þ1D y x; tð Þ; xð Þu x; tð Þ (3)

subject to the boundary condition

E1y z1; tð Þ1E2y z2; tð Þ5d tð Þ (4)

and the initial condition

y x; 0ð Þ5y0 xð Þ

where y x; tð Þ 2 <n denotes the state, x 2 z1; z2½ � � < and t 2
0;1½ Þ denote position and time, respectively, u x; tð Þ 2 <m

stands for the control input, yc x; tð Þ 2 <p is the measured
output, and z x; tð Þ 2 <q denotes the controlled output.
f y x; tð Þ; xð Þ, G y x; tð Þ; xð Þ, hc y x; tð Þ; xð Þ, hz y x; tð Þ; xð Þ, and
D y x; tð Þ; xð Þ are locally Lipschitz continuous in y(x, t) with
appropriate dimensions and f y x; tð Þ; xð Þ, hc y x; tð Þ; xð Þ satisfies
f 0; xð Þ50, hc 0; xð Þ50, for all x 2 z1; z2½ �. h(x) is a real
known scalar function of x, and E1 and E2 are real known
matrices with appropriate dimensions. d(t) is assumed to be
a C1 continuous function of time, that is, both d(t) and its
derivative function are continuous with respect to t, y0 xð Þ 2
<n is a known initial state. Furthermore, the boundary condi-
tion in Eq. 4 is more general and captures the possibility
that the system of Eqs. 1–3 may admit boundary conditions
at two separate points and periodic boundary conditions.

For simplicity, when u x; tð Þ � 0, the system of Eq. 1
is referred to as an “unforced” system. We introduce the
following definition of exponential stability on Hilbert
space Hn:
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Definition 1. The unforced system of Eq. 1 (i.e.,
u x; tð Þ � 0) is said to be “exponentially stable,” if there exist
positive scalars #, 1, and m such that ky �; tð Þk2

2 <
1ky0 �ð Þk

2
2exp 2mtð Þ, for 8t � 0 and ky0 �ð Þk

2
2 < #.

In this article, the nonlinear hyperbolic PDE system of
Eqs. 1–4 is assumed to be exactly represented by the follow-
ing T–S fuzzy PDE model described by fuzzy IF–THEN
rules, which express local dynamics using a linear hyper-
bolic PDE model:

Plant Rule i:
IF n1(x, t) is Fi1 and … and nl(x, t) is Fil

THEN

@y x; tð Þ=@t5Ay x; tð Þ1Ai xð Þy x; tð Þ1Gi xð Þu x; tð Þ
yc x; tð Þ5Ci xð Þy x; tð Þ
z x; tð Þ5Hi xð Þy x; tð Þ1Di xð Þu x; tð Þ; i 2 S¢ 1;2; � � � ; rf g

8<
: (5)

where Fij, i 2 S, j51;2;…; l are fuzzy sets, A is an SDO
defined as Ay x; tð Þ5h xð Þ@y x; tð Þ=@x, and Ai(x), Gi(x), Ci(x),
Hi(x), and Di(x) for i 2 S are real known matrix functions
with appropriate dimensions, r is the number of IF–THEN
rules. n1(x,t)–nl(x,t) are the premise variables that are
assumed to be functions of both available state variables
and spatial variable in this study. It has been shown that an
exact T–S fuzzy ODE model construction from a given
nonlinear dynamical ODE model can be obtained by the
sector nonlinearity approach.22 Applying this approach to
the nonlinear hyperbolic PDE system of Eqs. 1, we can
also obtain an exact T–S fuzzy hyperbolic PDE model
construction.

By applying the center-average defuzzifier, product inter-
ference, and singleton fuzzifier, the overall dynamics of T–S
fuzzy PDE system of Eq. 5 can be expressed as

@y x; tð Þ
@t

5Ay x; tð Þ1
Xr

i51

hi n x; tð Þð Þ Ai xð Þy x; tð Þ1Gi xð Þu x; tð Þ½ �

5Ay x; tð Þ1A n; xð Þy x; tð Þ1G n; xð Þu x; tð Þ (6)

yc x; tð Þ5
Xr

i51

hi n x; tð Þð ÞCi xð Þy x; tð Þ5C n; xð Þy x; tð Þ (7)

z x; tð Þ5
Xr

i51

hi n x; tð Þð Þ Hi xð Þy x; tð Þ1Di xð Þu x; tð Þ½ �

5H n; xð Þy x; tð Þ1D n; xð Þu x; tð Þ (8)

where n(x,t)5[n1(x,t) … nl(x,t)]T and

M n; xð Þ5
Xr

i51

hi n x; tð Þð ÞMi xð Þ;

Mi �ð Þ 2 Ai �ð Þ;Gi �ð Þ;Ci �ð Þ;Hi �ð Þ;Di �ð Þf g;

wi n x; tð Þð Þ5
Yl

j51

Fij nj x; tð Þ
� �

;

hi n x; tð Þð Þ5wi n x; tð Þð Þ=
Xr

i51

wi n x; tð Þð Þ; i 2 S

Fij(nj(x,t)) is the grade of the membership of nj(x,t) in Fij,
for i 2 S. In this article, it is assumed that

wi n x; tð Þð Þ � 0; i 2 S ; and
Pr

i51 wi n x; tð Þð Þ > 0

for all x 2 z1; z2½ � and t�0. Then, we can obtain the follow-
ing conditions

hi n x; tð Þð Þ � 0; i 2 S ; and
Xr

i51

hi n x; tð Þð Þ51

for all x 2 z1; z2½ � and t�0.
More recently, a distributed fuzzy state feedback control-

ler has been proposed to exponentially stabilize nonlinear
hyperbolic PDE system.31 In real-world control problems,
however, it is often the case that the complete information
of the state variables of a system is not always available. In
this situation, one needs to resort to output feedback design
methods such as observer-based designs. In this article, the
following fuzzy observer is proposed to deal with the state
estimation of the system of Eqs. 1–4:

Observer Rule i:
IF n1(x,t) is Fj1 and … and nl(x,t) is Fjl

THEN
@ŷ x; tð Þ
@t

5Aŷ x; tð Þ1Ai xð Þŷ x; tð Þ1Gi xð Þu x; tð Þ

1Li xð Þ yc x; tð Þ2ŷc x; tð Þ½ �; i 2 S
(9)

subject to the boundary condition

E1ŷ z1; tð Þ1E2ŷ z2; tð Þ5d̂ tð Þ

and the initial condition

ŷ x; 0ð Þ5ŷ0 xð Þ

where ŷ0 xð Þ is the initial state estimate, d̂ tð Þ is the
estimated boundary condition, and Li(x), i 2 S are the n3p
observer gain matrices to be determined, and
ŷc x; tð Þ5C n; xð Þŷ x; tð Þ.

The overall fuzzy observer is represented as follows

@ŷ x; tð Þ
@t

5Aŷ x; tð Þ1A n; xð Þŷ x; tð Þ1G n; xð Þu x; tð Þ

1L n; xð Þ yc x; tð Þ2ŷc x; tð Þ½ � (10)

where

L n; xð Þ5
Xr

i51

hi n x; tð Þð ÞLi xð Þ:

In the presence of the fuzzy observer, the PDC-based dis-
tributed fuzzy controller takes on the following form:

Control Rule j:
IF n1(x,t) is Fj1 and … and nl(x,t) is Fjl

THEN u x; tð Þ5Kj xð Þŷ x; tð Þ; j 2 S (11)

where Kj(x), j 2 S are the m3n controller gain matrices to
be determined.

The overall fuzzy controller is inferred as follows

u x; tð Þ5
Xr

j51

hj n x; tð Þð ÞKj xð Þŷ x; tð Þ5K n; xð Þŷ x; tð Þ (12)

Remark 1. It is noteworthy that in this study the pre-
mise variables n(x,t) are required to be available for the con-
struction of fuzzy observer and fuzzy controller. If the pre-
mise variables depend on the estimated state variables, that
is, n̂ x; tð Þ instead of n(x,t), the situation becomes more com-
plicated. In this case, it is more difficult to find controller
gain matrices Kj(x), j 2 S and observer gain matrices Li(x),
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i 2 S. The similar problem is also discussed for T–S fuzzy
ODE system.22

Remark 2. It must be stressed that this study assumes
distributed sensing and actuation. Although this is normally
recognized as a critical drawback, with recent advances in
technological developments of Micro-Electro-Mechanical Sys-
tems, it becomes feasible to manufacture large arrays of micro-
sensors and actuators with integrated control circuitry, which
can be used for the implementation of distributed feedback
control loops in some practical applications (see Ref. 34 and
the references therein). On the other hand, the developed
framework of analysis paves the way for further improvements,
such as point-wise (or boundary) control and/or sensing, that
will be addressed in future research activities. Moreover, dif-
ferent forms of actuator distribution function lead to different
control forms1 (for instance, the actuator distribution function
given by the Heaviside step function will yield the piece-wise
uniform control form). Therefore, how to obtain more elabo-
rate actuator distributions is also our further research topic.

Define e x; tð Þ5y x; tð Þ2ŷ x; tð Þ. From Eqs. 6–8, 10, and 12,
we have the following augmented closed-loop fuzzy PDE
system

@~y x; tð Þ
@t

5~A~y x; tð Þ1~Ac n; xð Þ~y x; tð Þ (13)

z x; tð Þ5 ~Hc n; xð Þ~y x; tð Þ (14)

subject to the boundary condition

~E1~y z1; tð Þ1~E2~y z2; tð Þ5~d tð Þ

and the initial condition

~y x; 0ð Þ5~y0 xð Þ

where ~y x; tð Þ5 yT x; tð Þ eT x; tð Þ
� �T

and ~y0 xð Þ5 yT
0 xð Þ

�
eT

0 xð Þ�T , and

~Ac n; xð Þ5 A n; xð Þ1G n; xð ÞK n; xð Þ 2G n; xð ÞK n; xð Þ
0 A n; xð Þ2L n; xð ÞC n; xð Þ

� �
;

~Hc n; xð Þ5 H n; xð Þ1D n; xð ÞK n; xð Þ 2D n; xð ÞK n; xð Þ½ �;

~d tð Þ5 dT tð Þ dT tð Þ2d̂
T

tð Þ
h iT

, ~U5diag U;Uf g with U 2
A;E1;E2f g

We consider the following quadratic cost function

J5

ð1
0

hz �; tð Þ;W �ð Þz �; tð Þidt (15)

where W(x)>0, x 2 z1; z2½ � is a known weighting matrix
function.

Hence, the problem considered in this article is to seek a
distributed fuzzy observer-based controller of the form in
Eqs. 10 and 12 for the PDE system of Eqs. 1 based on the
fuzzy PDE model of Eqs. 6 and determine a cost bound
Jb < 11 as small as possible, such that the closed-loop
PDE system of Eqs. 13 and 14 is exponentially stable on the
Hilbert space Hn, and the cost function defined by Eq. 15
satisfies J�Jb.

GCDF Observer-Based Control Design

In this section, we aim to develop an SDLMI-based
method for the design of a distributed fuzzy observer-based
controller such that the resulting closed-loop PDE system is

exponentially stable and an optimized upper bound of
quadratic cost function is provided. Furthermore, an LMI
algorithm is presented to approximately solve the SDLMI
optimization problem via the finite difference method.

Based on the fuzzy PDE model of Eqs. 6–8, we have the
following result, which provides a GCDF observer-based
control design in terms of space-dependent bilinear matrix
inequalities (SDBMIs).

Theorem 1. Consider the fuzzy PDE system of Eq. 6
and the cost function in Eq. 15. If there exist a 2n32n real
matrix P(x)>0, m3n real matrices Ki(x), and n3p real mat-
rices Li(x), i 2 S such that the following SDBMIs are satis-
fied for all x 2 z1; z2½ �

~Hii xð Þ < 0; i 2 S ; (16)

1

r21
~Hii xð Þ1 1

2
~Hij xð Þ1 ~Hji xð Þ
� �

< 0; i 6¼ j; i; j 2 S (17)

where

~Hij xð Þ5 Hij xð Þ ~H
T

c;ij xð Þ
~Hc;ij xð Þ 2W21 xð Þ

" #
< 0; i; j 2 S ;

in which

Hij xð Þ5P xð Þ~Ac;ij xð Þ1~A
T

c;ij xð ÞP xð Þ

2
d

dx
h xð ÞP xð Þð Þ1 d x2z2ð Þ2d x2z1ð Þ½ �h xð ÞP xð Þ;

~Hc;ij xð Þ5 Hc;ij xð Þ 2Dj xð ÞKi xð Þ½ �;

with

~Ac;ij xð Þ5 Ai xð Þ1Gj xð ÞKi xð Þ 2Gj xð ÞKi xð Þ
0 Ai xð Þ2Li xð ÞCj xð Þ

� �
;

then there exists a fuzzy observer-based controller of the
form in Eqs. 10 and 12 such that the closed-loop PDE sys-
tem of Eqs. 13 and 14 is exponentially stable, and the cost
function in Eq. 15 satisfies

J < Jb5h~y0 �ð Þ;P �ð Þ~y0 �ð Þi: (18)

Proof. See Appendix A
Remark 3. From a purely mathematical viewpoint, the

Dirac delta function used in the SDBMIs in Eqs. 16 and 17
is not strictly a function, because any extended-real function
that is equal to zero everywhere but a single point must
have total integral zero. While for many purpose this func-
tion can be manipulated as a function, formally it can be
defined as a distribution function that is also a measure. Fur-
thermore, one may use the following approximation to the
Dirac delta function35,36

d x2xbð Þ � g21 if x 2 xb2g=2; xb1g=2½ �
0 otherwise

:

�

Theorem 1 provides not only a sufficient condition for the
solvability of GCDF observer-based control design problem
for the fuzzy PDE system of Eqs. 6–8 but also an upper
bound Jb5h~y0 �ð Þ;P �ð Þ~y0 �ð Þi for the cost function in Eq. 15.
On the other hand, it is easily observed that the inequalities
in Eqs. 16 and 17 are SDBMIs with respect to the decision
variables in the set P xð Þ;Ki xð Þ;Li xð Þ; i 2 Sf g, which
are BMIs in nature. In contrast to LMI problems, which are
convex and can be solved approximately by the polynomial-
time interior-point method,32,33 BMI problems are nonconvex
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and known to be NP-hard.37 Hence, the SDBMIs in Eqs. 16
and 17 are still inefficient to solve by the present solvers.

In the following theorem, we will present an approach to
transform equivalently the SDBMIs in Eqs. 16 and 17 into
SDLMIs so as to determine the feedback control gains Ki(x)
and the observer gains Li(x). To this end, we set
ŷ0 xð Þ5y0 xð Þ, that is, ~y0 xð Þ5 yT

0 xð Þ 0
� �T

.
Theorem 2. The SDBMIs in Eqs. 16 and 17 have feasi-

ble solutions P(x)>0, Ki(x), and Li(x), i 2 S, if and only if
the following SDLMIs have feasible solutions Q1(x)>0,
Q2(x)>0, Ni(x), Zi(x), i 2 S :

~U1;ii xð Þ < 0; i 2 S (19)

1

r21
~U1;ii xð Þ1 1

2
~U1;ij xð Þ1~U1;ji xð Þ
� �

< 0; i 6¼ j; i; j 2 S

(20)

~U2;ii xð Þ < 0; i 2 S (21)

1

r21
~U2;ii xð Þ1 1

2
~U2;ij xð Þ1~U2;ji xð Þ
� �

< 0; i 6¼ j; i; j 2 S

(22)

where

~U1;ij xð Þ5
h xð ÞdQ1 xð Þ=dx1 ~W11;ij xð Þ ~W12;ij xð Þ

~W
T

12;ij xð Þ 2W21 xð Þ

" #
; i; j 2 S;

~U2;ij xð Þ52h xð ÞdQ2 xð Þ=dx1 ~W2;ij xð Þ; i; j 2 S;

with

~W11;ij xð Þ5Ai xð ÞQ1 xð Þ1Q1 xð ÞAT
i xð Þ1Gj xð ÞNi xð Þ1NT

i xð ÞGT
j xð Þ2dh xð Þ=dxQ1 xð Þ1 d x2z2ð Þ2d x2z1ð Þ½ �h xð ÞQ1 xð Þ;

~W12;ij xð Þ5Q1 xð ÞHT
i xð Þ1NT

i xð ÞDT
j xð Þ;

~W2;ij xð Þ52dh xð Þ=dxQ2 xð Þ1Q2 xð ÞAi xð Þ1AT
i xð ÞQ2 xð Þ2Zi xð ÞCj xð Þ2CT

j xð ÞZT
i xð Þ1 d x2z2ð Þ2d x2z1ð Þ½ �h xð ÞQ2 xð Þ:

In this case, the cost function in Eq. 15 satisfies

J < Jb5hy0 �ð Þ;Q21
1 �ð Þy0 �ð Þi (23)

and the control gain matrices Ki(x) and the observer gain
matrices Li(x), i 2 S are given by

Ki xð Þ5Ni xð ÞQ21
1 xð Þ; Li xð Þ5Q21

2 xð ÞZi xð Þ; i 2 S (24)

Proof. See Appendix B.
To make the upper bound Jb of J in Eq. 23 as small

as possible, we seek to minimize the following upper bound
of Jb:

Jb5hy0 �ð Þ;Q21
1 �ð Þy0 �ð Þi < q: (25)

By Schur complement,32 it is easy to verify that the in-
equality in Eq. 25 holds if the following SDLMI holds

q z22z1ð Þ21 yT
0 xð Þ

y0 xð Þ Q1 xð Þ

� �
> 0: (26)

Therefore, a suboptimal control design can be formulated
as the following SDLMI optimization problem:

min
U

q subject to the SDLMIs in Eqs :19–22 and 26 (27)

where

U5 q;Q1 xð Þ;Q2 xð Þ;Ni xð Þ;Zi xð Þ; i 2 Sf g: (27)

As its space-distributed characteristic, the optimization
problem in Eq. 27 cannot be directly solved by using the
standard LMI optimization techniques. In what follows, we
will develop an algorithm to approximately solve the SDLMI
optimization problem in Eq. 27. To this end, let us discretize
the space interval [z1, z2] into space instances

xk; k 2 N ; x05z1; xN5z2f g of the same distance, where

xk2xk215e5 z22z1ð Þ=N; N5 0; 1; � � � ;Nf g (28)

and use the backward difference for the spatial derivative,
that is,

dO xð Þ
dx
� O xkð Þ2O xk21ð Þ

e
(29)

where O(x) stands for the space-varying matrix function with
appropriated dimensions.

Using Eq. 29, the SDLMIs in Eqs. 19–22 and 26 can be
approximated by the following LMIs with respect to
Q1(x21)>0, Q1(xk)>0, Q2(x21)>0, Q2(xk)>0, Ni(xk), and
Zi(xk), i 2 S, k 2 N :

Û1;ii xkð Þ < 0; k 2 N ; i 2 S (30)

1

r21
Û1;ii xkð Þ1

1

2
Û1;ij xkð Þ1Û1;ji xkð Þ
� �

< 0; k 2 N ; i 6¼ j; i; j 2 S

(31)

Û2;ii xkð Þ < 0; k 2 N ; i 2 S (32)

1

r21
Û2;ii xkð Þ1

1

2
Û2;ij xkð Þ1Û2;ji xkð Þ
� �

< 0; k 2 N ; i 6¼ j; i; j 2 S;

(33)

q z22z1ð Þ21 yT
0 xkð Þ

y0 xkð Þ Q1 xkð Þ

� �
> 0; k 2 N (34)

where

Û1;ij xkð Þ5
h xkð Þ

Q1 xkð Þ2Q1 xk21ð Þ
e

1 ~W11;ij xkð Þ ~W12;ij xkð Þ
~W

T

12;ij xkð Þ 2W21 xkð Þ

2
4

3
5; i; j 2 S;

Û2;ij xkð Þ52h xkð Þ
Q2 xkð Þ2Q2 xk21ð Þ

e
1 ~W2;ij xkð Þ; i; j 2 S;

in which the definitions on ~W11;ij �ð Þ, ~W12;ij �ð Þ, and ~W2;ij �ð Þ,
i; j 2 S are given in Theorem 2.

2370 DOI 10.1002/aic Published on behalf of the AIChE July 2013 Vol. 59, No. 7 AIChE Journal



Therefore, the suboptimal control design can be formu-
lated as the following approximate LMI optimization prob-
lem under a suitable positive integer N

min
U

q subject to the LMIs in Eqs: 30–34 (35)

where

U5 q;Q1 x21ð Þ;Q2 x21ð Þ;Q1 xkð Þ;Q2 xkð Þ;Ni xkð Þ;Zi xkð Þ; i 2 S; k 2 Nf g;

which can be solved efficiently using the standard LMI opti-
mization techniques. If the optimal solution q* is found,
using the solutions Q1(xk), Q2(xk), Ni(xk), and Zi(xk), i 2 S,
k 2 N of the problem in Eq. 35, the actual upper bound of J
can be given by Jb � e

XN

k50
yT

0 xkð ÞQ21
1 xkð Þy0 xkð Þ and the

corresponding control gain matrices and the observer gain
matrices are obtained by

Ki xkð Þ5Ni xkð ÞQ21
1 xkð Þ; Li xkð Þ5Q21

2 xkð ÞZi xkð Þ; i 2 S; k 2 N :

It is noteworthy that based on the finite difference theory,38

the accuracy of difference approximation in Eq. 29 depends
on the chosen value of positive integer N and the approxima-
tion error of Eq. 29 converges to zero when N !1. If a suffi-
ciently large N is chosen, the SDLMIs in Eqs. 19–22 and 26
will be well approximated by the LMIs in Eqs. 30–34. How-
ever, the value of parameter N and the computational cost are
generally mutual restraint, that is, the computational cost of
the present solver used to solve the problem in Eq. 35 is higher
with the increasing of the value of N. Although there exists no
exact way to determine a priori the size of the spatial discreti-
zation step when solving the SDLMI optimization problem, a
practical approach is to take the spatial discretization interval
to be the smallest possible, which still complies with the
computational resources and with the accuracy of the LMI
solver used.

Remark 4. Notice that an LMI algorithm31 has been
recently developed to approximately solve the SDLMI feasi-
bility problem. The obvious difference between the algo-
rithm31 and the algorithm proposed in this study is that the
former is a recursive algorithm, which requires giving an ini-
tial value Q(x21)>0 in advance, whereas the latter is a
standard LMI algorithm, where matrices Q1(x21) and
Q2(x21) are the decision variables of the LMI optimization
problem in Eq. 35. Another important difference is that the
algorithm31 is used for solving the SDLMI feasibility prob-
lem, whereas the one in this study is developed to solve the
SDLMI optimization problem in Eq. 27.

Simulation Example

As a case study, for the purpose of demonstrating the
effectiveness of the main theoretical results derived in previ-

ous sections, we consider a nonisothermal PFR with the
following elementary chemical reaction2: A! B.

Process description

The reaction on endothermic and a jacket is used to heat
the reactor. Under the assumptions of perfect radial mixing,
constant density and heat capacity of the reacting liquid and
negligible diffusive phenomena, a dynamic model of the pro-
cess can be derived from material and energy balances and
has the form31:

@T

@t
52t

@T

@x
1

2DHð Þk0

qpCp
CAexp 2

E

RT

	 

1

4h

qpCpd
Tw2Tð Þ

(36)

@CA

@t
52t

@CA

@x
2k0CAexp 2

E

RT

	 

(37)

subject to the boundary conditions

T 0; tð Þ5Tin ; CA 0; tð Þ5CA;in

and initial conditions

T x; 0ð Þ5T0 xð Þ; CA x; 0ð Þ5CA0 xð Þ

where CA and T denote the reactant concentration and the
temperature in the reactor, respectively, qp and CP stand for
the density and specific heat capacity, respectively, t denotes
the velocity of the fluid phase, h and d denote the wall heat-
transfer coefficient and the reactor diameter, respectively, Tw

denotes the temperature in the jacket, k0, E, DH denote the
pre-exponential factor, the activation energy, and the en-
thalpy of the reaction, CA,in and Tin denote the concentration
and temperature of the inlet stream, CA0(x) and T0(x) denote
the initial concentration and temperature profiles, respec-
tively, such that T0(0)5Tin and CA0(0)5CA,in. In addition, t,
x, and L denote the independent time and space variables,
and the length of the PFR, respectively.

To compensate for the large differences in the order of
magnitude of the model variables (possibly resulting in nu-
merical simulation inaccuracies), the following dimensionless
state variables v1 and v2 and dimensionless control input vw

are introduced

v15
T2Tin

Tin

; v25
CA;in 2CA

CA;in
; and vw5

Tw2Tin

Tin

Then, the model of Eqs. 36 and 37 is rewritten as follows:

@v1 x; tð Þ
@t

52t
@v1 x; tð Þ
@x

1b1 12v2ð Þexp
lv1

11v1

	 

1b vw2v1ð Þ

(38)

@v2 x; tð Þ
@t

52t
@v2 x; tð Þ
@x

1b2 12v2ð Þexp
lv1

11v1

	 

(39)

subject to the boundary conditions:

v1 0; tð Þ50; v2 0; tð Þ50 (40)

and initial conditions:

v1 x; 0ð Þ5v10 xð Þ; v2 x; 0ð Þ5v20 xð Þ

where v10 xð Þ5 T0 xð Þ2Tin

Tin
, v20 xð Þ5 CA ;in 2CA0 xð Þ

CA;in
, and the parame-

ters b1, b2, u, b, and l are defined as follows:

Table 1. Model Parameters Used in Numerical Simulations

Process Parameters Numerical Values

t 0.025 m/s
L 1 m
E 12,000 cal/mol
k0 106 s21

b 0.4 s21

CA,in 1 mol/L
R 1.986 cal/(mol K)
Tin 350 K
u 0.45
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l5
E

RTin

; b15ub2; b25k0exp 2lð Þ;

u5
2DHð ÞCA;in

qpCpTin

; b5
4h

qpCpd

The equilibrium profiles for the model in Eqs. 38–40 are
assumed to be of the form v xð Þ5 v1e xð Þ v2e xð Þ vwe xð Þ½ �T
which satisfy the equations

dv1e xð Þ
dx

5
b1

t
12v2e xð Þð Þexp

lv1e xð Þ
11v1e xð Þ

	 

1

b

t
vwe xð Þ2v1e xð Þð Þ

(41)

dv2e xð Þ
dx

5
b2

t
12v2e xð Þð Þexp

lv1e xð Þ
11v1e xð Þ

	 

(42)

subject to v1e 0ð Þ50 and v2e 0ð Þ50 (43)

In contrast to the result,31 in this example, we assume that
vwe xð Þ50. Under this assumption, the equilibrium profiles
v1e xð Þ v2e xð Þ½ �T for the model in Eqs. 38–40 can be

obtained by solving Eqs. 41–43. Let us consider the new
input vector u x; tð Þ5vw x; tð Þ2vwe xð Þ and the following state
transformation

y x; tð Þ5 y1 x; tð Þ y2 x; tð Þ½ �T5 v1 x; tð Þ2v1e xð Þ v2 x; tð Þ2v2e xð Þ½ �:T

Then, the system of Eqs. 38–40 can be represented as the
form of Eqs. 1 and 4 with h xð Þ52t; G y x; tð Þ; xð Þ5
G xð Þ5 b 0½ �T ; z150; z25L51

f y x; tð Þ; xð Þ5 b1f0 y x; tð Þ; xð Þ2by1 x; tð Þ
b2f0 y x; tð Þ; xð Þ

� �
;

E15diag 1; 1f g; E250; d tð Þ50:

f0 y x; tð Þ; xð Þ5 12v2e xð Þð Þ exp
l y1 x; tð Þ1v1e xð Þð Þ
11y1 x; tð Þ1v1e xð Þ

	 

2exp

l v1e xð Þð Þ
11v1e xð Þ

	 
� �
2y2 x; tð Þexp

l y1 x; tð Þ1v1e xð Þð Þ
11y1 xð Þ1v1e xð Þ

	 

: (44)

The model parameter values are given in Table 1. Using
these values, Figure 1 shows the steady-state profiles of tem-
perature and reactant concentration.

The distributed sensing of temperature in the reactor is
more feasible than that of the reactant concentration because
of the recent advance in the development of the microtem-
perature sensor technology. Hence, the measured output and
controlled output are respectively defined as follows

yc x; tð Þ5y1 x; tð Þ; (45)

z x; tð Þ5y1 x; tð Þ1u x; tð Þ: (46)

Hence, the system of Eqs. 45 and 46 can be represented as
the form of Eqs. 2 and 3 with

hc y x; tð Þ; xð Þ5y1 x; tð Þ; hz y x; tð Þ; xð Þ5y1 x; tð Þ ; and D y x; tð Þ; xð Þ51

(47)

T–S fuzzy PDE modeling

Let

n1 y1 x; tð Þ; xð Þ5exp
l y1 x; tð Þ1v1e xð Þð Þ

11y1 x;tð Þ1v1e

	 

2exp

lv1e xð Þ
11v1e xð Þ

	 

,

n2 y1 x; tð Þ; xð Þ5exp
l y1 x; tð Þ1v1e xð Þð Þ

11y1 x;tð Þ1v1e xð Þ

	 

, where y1 x; tð Þ 2

v1e xð Þ2a; v1e xð Þ1a½ � and a is a given positive value. Then,
the nonlinear term f y x; tð Þ; xð Þ in Eq. 44 can be rewritten as

f y x; tð Þ; xð Þ5 b1 12v2e xð Þð Þn1 y1 x; tð Þ; xð Þ2n2 y1 x; tð Þ; xð Þy2 x; tð Þf g2by1 x; tð Þ
b2 12v2e xð Þð Þn1 y1 x; tð Þ; xð Þ2n2 y1 x; tð Þ; xð Þy2 x; tð Þf g

� �
:

By considering y1 x; tð Þ 2 v1e xð Þ2a; v1e xð Þ1a½ � and the fact

that n1 y1 x; tð Þ; xð Þ and n2 y1 x; tð Þ; xð Þ are monotonically

increasing functions with respect to y1 x; tð Þ, we have

n1 y1 x;tð Þ;xð Þ2 h1 xð Þ2exp
lv1e xð Þ

11v1e xð Þ

	 

;h2 xð Þ2exp

lv1e xð Þ
11v1e xð Þ

	 
� �
;

n2 y1 x; tð Þ; xð Þ 2 h1 xð Þ; h2 xð Þ½ �; h1 xð Þ5exp
l 2a12v1e xð Þð Þ

12a12v1e xð Þ

	 

;

h2 xð Þ5exp
l a12v1e xð Þð Þ

11a12v1e xð Þ

	 

:

Thus, the terms n1 y1 x; tð Þ; xð Þ and n2 y1 x; tð Þ; xð Þ can be repre-

sented as

n1 y1 x; tð Þ; xð Þ5F11 n1 y1 x; tð Þ; xð Þð Þj1 xð Þy1 x; tð Þ1
F21 n1 y1 x; tð Þ; xð Þð Þj2 xð Þy1 x; tð Þ;
n2 y1 x; tð Þ; xð Þ5F12 n2 y1 x; tð Þ; xð Þð Þh1 xð Þ1F22 n2 y1 x; tð Þ; xð Þð Þh2 xð Þ

(48)

where j1 xð Þ52a21 h1 xð Þ2exp
lv1e xð Þ
11v1e xð Þ

	 
	 

; j2 xð Þ5a21

h2 xð Þ2exp
lv1e xð Þ
11v1e xð Þ

	 
	 

; F11 n1 y1 x; tð Þ;xð Þð Þ; F21 n1 y1 x; tð Þ;xð Þð Þ;

F12 n2 y1 x; tð Þ; xð Þð Þ: F22 n2 y1 x; tð Þ; xð Þð Þ 2 0; 1½ �; and

F11 n1 y1 x; tð Þ; xð Þð Þ1F21 n1 y1 x; tð Þ; xð Þð Þ51;

F12 n2 y1 x; tð Þ; xð Þð Þ1F22 n2 y1 x; tð Þ; xð Þð Þ51: (49)

Solving Eqs. 48 and 49 gives
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F11 n1 y1 x; tð Þ; xð Þð Þ5
n1 y1 x; tð Þ; xð Þ2j2 xð Þy1 x; tð Þ

y1 x; tð Þ j1 xð Þ2j2 xð Þð Þ ; y1 x; tð Þ 6¼ 0

-2j2 xð Þð Þ= j1 xð Þ2j2 xð Þð Þ; y1 x; tð Þ50;

8<
:

F21 n1 y1 x; tð Þ; xð Þð Þ512F11 n1 y1 x; tð Þ; xð Þð Þ;

F12 n2 y1 x; tð Þ; xð Þð Þ5 h2 xð Þ2n2 y1 x; tð Þ; xð Þ
h2 xð Þ2h1 xð Þ ;

F22 n2 y1 x; tð Þ; xð Þð Þ512F12 n2 y1 x; tð Þ; xð Þð Þ;

where -5 lim
y1 x;tð Þ!0

n1 y1 x; tð Þ; xð Þ=y1 x; tð Þ:

From above analysis, hence, the PDE system of Eqs. 1–3
with Eqs. 44 and 47 can be represented by the following
T–S fuzzy PDE model of four rules:

Plant Rule 1:

IF n1 y1 x; tð Þ; xð Þ is about h1 xð Þ2exp
lv1e xð Þ
11v1e xð Þ

	 

and

n2 y1 x; tð Þ; xð Þ is about h1 xð Þ;

THEN

@y x; tð Þ=@t5Ay x; tð Þ1A1 xð Þy x; tð Þ1G1 xð Þu x; tð Þ
yc x; tð Þ5C1 xð Þy x; tð Þ
z x; tð Þ5H1 xð Þy x; tð Þ1D1 xð Þu x; tð Þ

8<
:

Plant Rule 2:

IF n1 y1 x; tð Þ; xð Þis about h2 xð Þ2exp
lv1e xð Þ
11v1e xð Þ

	 

and

n2 y1 x; tð Þ; xð Þ is about h1 xð Þ

THEN

@y x; tð Þ=@t5Ay x; tð Þ1A2 xð Þy x; tð Þ1G2 xð Þu x; tð Þ
yc x; tð Þ5C2 xð Þy x; tð Þ
z x; tð Þ5H2 xð Þy x; tð Þ1D2 xð Þu x; tð Þ

8<
:

Figure 3. The observer gain matrices li;2 xð Þ,
i‰ 1; 2; 3; 4f g.
[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 4. The control gain matrices ki;1 xð Þ, i‰ 1;2;3;4f g.
[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 1. Steady-state profiles of temperature and
reactant concentration.

Figure 2. The observer gain matrices li;1 xð Þ,
i‰ 1; 2; 3; 4f g.
[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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Plant Rule 3:

IF n1 y1 x; tð Þ; xð Þ is about h1 xð Þ2exp
lv1e xð Þ
11v1e xð Þ

	 

and

n2 y1 x; tð Þ; xð Þ is about h2 xð Þ

THEN

@y x; tð Þ=@t5Ay x; tð Þ1A3 xð Þy x; tð Þ1G3 xð Þu x; tð Þ
yc x; tð Þ5C3 xð Þy x; tð Þ
z x; tð Þ5H3 xð Þy x; tð Þ1D3 xð Þu x; tð Þ

8<
:

Plant Rule 4:

IF n1 y1 x; tð Þ; xð Þ is about h2 xð Þ2exp
lv1e xð Þ
11v1e xð Þ

	 

and

n2 y1 x; tð Þ; xð Þ is about h2 xð Þ

THEN

@y x; tð Þ=@t5Ay x; tð Þ1A4 xð Þy x; tð Þ1G4 xð Þu x; tð Þ
yc x; tð Þ5C4 xð Þy x; tð Þ
z x; tð Þ5H4 xð Þy x; tð Þ1D4 xð Þu x; tð Þ

8<
:

where

A1 xð Þ5 b1 12v2e xð Þð Þj1 xð Þ2b 2b1h1 xð Þ
b2 12v2e xð Þð Þj1 xð Þ 2b2h1 xð Þ

� �
;

A2 xð Þ5 b1 12v2e xð Þð Þj2 xð Þ2b 2b1h1 xð Þ
b2 12v2e xð Þð Þj2 xð Þ 2b2h1 xð Þ

� �
;

A3 xð Þ5 b1 12v2e xð Þð Þj1 xð Þ2b 2b1h2 xð Þ
b2 12v2e xð Þð Þj1 xð Þ 2b2h2 xð Þ

� �
;

A4 xð Þ5 b1 12v2e xð Þð Þj2 xð Þ2b 2b1h2 xð Þ
b2 12v2e xð Þð Þj2 xð Þ 2b2h2 xð Þ

� �
;

Gi xð Þ5G xð Þ5 b 0½ �T ;Ci xð Þ5C xð Þ5 1 0½ �;Hi xð Þ5H xð Þ
5 1 0½ �;Di xð Þ5D xð Þ51; i 2 1; 2; 3; 4f g:

Thus, the overall fuzzy PDE model is given by

@y x; tð Þ
@t

5Ay x; tð Þ1
X4

i51

hi nð ÞAi xð Þy x; tð Þ1G xð Þu x; tð Þ (50)

yc x; tð Þ5C xð Þy x; tð Þ (51)

z x; tð Þ5H xð Þy x; tð Þ1D xð Þu x; tð Þ (52)

where n5 n1 y1 x; tð Þ; xð Þ; n2 y1 x; tð Þ; xð Þ½ �T and hi nð Þ5wi nð Þ=X4

i51
wi nð Þ i 2 1; 2; 3; 4f g with

w1 nð Þ5F11 n1 y1 x; tð Þ; xð Þð ÞF12 n2 y1 x; tð Þ; xð Þð Þ;
w2 nð Þ5F21 n1 y1 x; tð Þ; xð Þð ÞF12 n2 y1 x; tð Þ; xð Þð Þ;

Figure 7. Closed-loop profile of evolution of reactant
concentration.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 8. Closed-loop profile of evolution of jacket
temperature.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 5. The control gain matrices ki;2 xð Þ, i‰ 1; 2; 3; 4f g.
[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 6. Closed-loop profile of evolution of
temperature.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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w3 nð Þ5F11 n1 y1 x; tð Þ; xð Þð ÞF22 n2 y1 x; tð Þ; xð Þð Þ;
w4 nð Þ5F21 n1 y1 x; tð Þ; xð Þð ÞF22 n2 y1 x; tð Þ; xð Þð Þ:

It is worth mentioning that the nonlinear PDE system of
Eqs. 1–3 with parameters given in Eqs. 44 and 47 is repre-
sented by the T–S fuzzy PDE model in Eqs. 50–52, which is
obtained by using the local sector nonlinearity method. The
approximation error does not exist in the obtained fuzzy
PDE model, as the local sector nonlinearity method can
guarantee a locally exact fuzzy model construction under the
condition y1 x; tð Þ 2 v1e xð Þ2a; v1e xð Þ1a½ �:

GCDF observer-based control design

In this subsection, we design the following fuzzy observer-
based control law for the fuzzy PDE system of Eqs. 50–52:

@ŷ x; tð Þ
@t

5Aŷ x; tð Þ1
X4

i51

hi nð ÞAi xð Þŷ x; tð Þ1G xð Þu x; tð Þ

1
Xr

i51

hi nð ÞLi xð ÞC xð Þ y x; tð Þ2ŷ x; tð Þ½ � (53)

u x; tð Þ5
X4

i51

hi nð ÞKi xð Þŷ x; tð Þ (54)

where Ki xð Þ5 ki;1 xð Þ; ki;2 xð Þ
� �

and Li xð Þ5 li;1 xð Þ; li;2 xð Þ
� �T

i 2
1; 2; 3; 4f g are 132 control gain matrices and 231 observer

gain matrices to be determined, such that the resulting closed-
loop fuzzy PDE system is exponentially stable and an opti-
mized bound of the cost function in Eq. 15 is provided. Based
on the result derived in section “GCDF Observer-Based Con-
trol Design,” the outcome of the suboptimal GCDF observer-
based control design for the system of Eqs. 50–52 is formu-
lated as the SDLMI optimization problem in Eq. 27.

To implement the fuzzy controller of Eqs. 53 and 54, we use
80 equally distributed points along the reactor at which the tem-
perature is observed and the coolant temperature is changed and
thus e50.0125. Let y0 xð Þ5 0:15sin 2pxð Þ½ 2v2e xð Þ�T (i.e.,
the initial temperature is assumed to be T0 xð Þ5Tin 1

0:15Tin sin 2pxð Þ and the initial reactant concentration is set to
be CA0 xð Þ5CA;in for the original PFR model of Eqs. 36 and 37,
W xð Þ51 g50:05 and a50:2 By solving the LMI optimization
problem in Eq. 35 via the mincx solver with the feasibility radius
of 15, the optimized bound of cost function is obtained as
q	50:8785 Using the resulting solutions Q1 xkð Þ Q2 xkð Þ Zi xkð Þ
Ni xkð Þ i 2 S k 2 N we can obtain the actual bound Jb5hy0 �ð Þ;
Q21

1 �ð Þy0 �ð Þi � 0:6164 and the corresponding observer and con-
trol gains Li xkð Þ Ki xkð Þ i 2 S k 2 N as shown in Figures 2–5.

With above observer and control gains shown in Figures
2–5, we apply the fuzzy controller in Eqs. 53 and 54 to the
PDE system of Eqs. 50–52. The actual closed-loop profiles
of evolution of temperature, reactant concentration, and
jacket temperature along the reactor are shown in Figures 6,
respectively. It is observed from Figures 6–8 that when
t560, the temperature, reactant concentration of the inlet
stream and jack temperature numerically converge to the
chosen equilibrium profile. Then, we can obtain that the
actual value of cost function in Eq. 15 with W xð Þ51 is
0.0844, that is, the suboptimal cost is ensured.

Conclusions

In this article, we have addressed the problem of GCDF
observer-based control design for a class of nonlinear

hyperbolic PDE systems. An SDLMI-based method for the
GCDF observer-based control design has been developed
on the basis of the T–S fuzzy PDE model. In the proposed
design method, a distributed fuzzy observer is used to esti-
mate the state of the PDE system, and a one-step design
procedure is developed to obtain a suboptimal GCDF ob-
server-based controller. The resulting controller can not
only ensure the exponential stability of the closed-loop
PDE system but also provide an optimized upper bound of
quadratic cost function. Furthermore, using the finite differ-
ence method in space, the suboptimal control design prob-
lem is approximated by an LMI optimization problem,
which can be efficiently solved by the standard LMI optimi-
zation techniques. Finally, the proposed design method is
successfully applied to the control of a nonisothermal PFR,
and the achieved simulation results show the effectiveness
of the proposed controller.
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Appendix: A
Proof of Theorem 1

Let us consider the following Lyapunov functional for the
closed-loop PDE system of Eqs. 13 and 14

V tð Þ5
ðz2

z1

~yT x; tð ÞP xð Þ~y x; tð Þdx (A1)

where P xð Þ > 0 x 2 z1; z2½ � is a real continuous space-varying
2n32n matrix function. Differentiating V tð Þ along the solu-
tion of the closed-loop system of Eqs. 13 and 14 yields

dV tð Þ
dt

5

ðz2

z1

~yT x;tð ÞP xð Þ@~y x;tð Þ
@t

dx1

ðz2

z1

@~yT x;tð Þ
@t

P xð Þ~y x;tð Þdx

5

ðz2

z1

~yT x;tð ÞP xð Þ~A~y x;tð Þ1 ~A~y x;tð Þ
� �T

P xð Þ~y x;tð Þ
h i

dx

1

ðz2

z1

~yT x;tð Þ P xð Þ~Ac n;xð Þ1~A
T

c n;xð ÞP xð Þ
h i

~y x;tð Þdx:

By integrating by parts, we find that

ðz2

z1

~yT x;tð ÞP xð Þ~A~y x;tð Þdx5

ðz2

z1

h xð Þ~yT x;tð ÞP xð Þ@~y x;tð Þ
@x

dx

5h xð Þ~yT x;tð ÞP xð Þ~y x;tð Þjx5z2

x5z1
2

ðz2

z1

@ h xð Þ~yT x;tð ÞP xð Þ
� �

@x
~y x;tð Þdx

5h xð Þ~yT x;tð ÞP xð Þ~y x;tð Þjx5z2

x5z1
2

ðz2

z1

~A~y x;tð Þ
� �T

P xð Þ~y x;tð Þdx

2

ðz2

z1

~yT x;tð Þd h xð ÞP xð Þð Þ
dx

~y x;tð Þdx:

(A2)

(A3)

AIChE Journal July 2013 Vol. 59, No. 7 Published on behalf of the AIChE DOI 10.1002/aic 2375



We introduce the Dirac delta function d(x), which is
defined as follows36

d xð Þ5 0 x 6¼ 0

1 x50
and

ðx2

x1

d xð Þdx51; if 0 2 x1; x2½ �
�

with the fundamental property

ðx2

x1

f xð Þd x2x0ð Þdx5f x0ð Þ; x0 2 x1; x2½ � for any function f xð Þ:

(A4)

Considering Eq. A3 and using the property in Eq. A4, we
can obtain

ðz2

z1

~yT x; tð ÞP xð Þ~A~y x; tð Þ1 ~A~y x; tð Þ
� �T

P xð Þ~y x; tð Þ
h i

dx

5

ðz2

z1

~yT x; tð ÞW xð Þ~y x; tð Þdx: (A5)

where W xð Þ52 d
dx h xð ÞP xð Þð Þ1 d x2z2ð Þ2d x2z1ð Þ½ �h xð ÞP xð Þ

Substitution of Eq. A5 into Eq. A2 gives

dV tð Þ
dt

5

ðz2

z1

~yT x; tð ÞW xð Þ~y x; tð Þdx

1

ðz2

z1

~yT x; tð Þ P xð Þ~Ac n; xð Þ1~A
T

c n; xð ÞP xð Þ
h i

~y x; tð Þdx

5

ðz2

z1

~yT x; tð ÞH n; xð Þ~y x; tð Þdx

(A6)

where
H n; xð Þ5W xð Þ1P xð Þ~Ac n; xð Þ1~A

T

c n; xð ÞP xð Þ:

On the other hand, from Eqs. 14 and A6, we have

dV tð Þ
dt

1hz �; tð Þ;W �ð Þz �; tð Þi5
ðz2

z1

~yT x; tð Þ

H n; xð Þ1 ~H
T

c n; xð ÞW xð Þ ~Hc n; xð Þ
h i

~y x; tð Þdx

which implies

dV tð Þ=dt1hz �; tð Þ;W �ð Þz �; tð Þi < 0 for any nonzero ~y �; tð Þ 2H2n

(A7)

if

ðz2

z1

~yT x; tð Þ H n; xð Þ1 ~H
T

c n; xð ÞW xð Þ ~Hc n; xð Þ
h i

~y x; tð Þdx

< 0 for any nonzero ~y �; tð Þ 2H2n: (A8)

Obviously, the inequality in Eq. A8 is satisfied, if the fol-
lowing inequality holds for all x 2 z1; z2½ �

H n; xð Þ1 ~H
T

c n; xð ÞW xð Þ ~Hc n; xð Þ < 0: (A9)

Now, we show that the inequality in Eq. A9 holds if both
inequalities in Eqs. 16 and 17 are satisfied. By Schur com-
plements,32 the inequality in Eq. A9 is equivalent to the fol-
lowing inequality

H n; xð Þ ~H
T

c n; xð Þ
~Hc n; xð Þ 2W xð Þ

� �
< 0:

Using the definition of membership functions hi n x; tð Þð Þ
i 2 S and Eqs. A6, 6–8, 13, and 14, the above inequality can
be written as

Xr

i51

Xr

j51

�hij n x; tð Þð Þ ~Hij xð Þ < 0 (A10)

where �hij n x; tð Þð Þ5hi n x; tð Þð Þhj n x; tð Þð Þ By Theorem 2.2,25

we can conclude that the inequality in Eq. A10 holds if both
inequalities in Eqs. 16 and 17 hold. Hence, from above anal-
ysis, it follows that the inequality in Eq. A7 holds if both
inequalities in Eqs. 16 and 17 hold for all x 2 z1; z2½ �. We
will show that the closed-loop system of Eqs. 13 and 14 is
exponentially stable if the inequality in Eq. A7 holds.

From the inequality in Eq. A9, we can find an appropriate
scalar p2 > 0 such that

H n; xð Þ1 ~H
T

c n; xð ÞW xð Þ ~Hc n; xð Þ1p2I � 0

which implies that the inequality in Eq. A7 can be rewritten
as

dV tð Þ=dt � 2p2k~y �; tð Þk2
2 for any nonzero ~y �; tð Þ 2H2n

(A11)

As P xð Þ > 0 x 2 z1; z2½ � is a spatially continuous matrix
function, it is easily observed that V tð Þ given by Eq. A1 sat-
isfies the inequality

s1k~y �; tð Þk2
2 � V tð Þ � s2k~y �; tð Þk2

2 (A12)

where s15 min x2 z1;z2½ � kmin P xð Þð Þf g and s25 max x2 z1;z2½ �
kmax P xð Þð Þf g are two positive constants. Inequalities in Eqs.

A11 and A12 imply that for any nonzero ~y �; tð Þ 2H2n;

dV tð Þ=dt � 2p2s
21
2 V tð Þ: (A13)

Integration of the inequality in Eq. A13 from zero to t
gives

V tð Þ � V 0ð Þexp 2p2s
21
2 t

� �
: (A14)

From Eqs. A12 and A14, we have

k~y �; tð Þk2
2 � s2s

21
1 k~y0 �ð Þk

2
2 exp 2p2s

21
2 t

� �
:

Thus, by Definition , the closed-loop PDE system of Eqs. 13
and 14 is exponentially stable, which means k~y �; tð Þk2

2 ! 0
as t!1 Therefore, using Eq. 15, rearranging, and integrat-
ing the inequality in Eq. A7 from zero to infinity, we have

J5

ð1
0

hz �; tð Þ;W �ð Þz �; tð Þidt < 2V tð Þjt51t50 5h~y0 �ð Þ;P �ð Þ~y0 �ð Þi;

which implies

J < h~y0 �ð Þ;P �ð Þ~y0 �ð Þi: (A15)

From Eq. A15, we have Eq. 18. �

Appendix: B

Proof of Theorem 2

Necessity

First suppose that the inequalities in Eqs. 16 and 17 have
a set of feasible solutions P xð Þ > 0 Ki xð Þ and Li xð Þ i 2 S:
With P xð Þ partitioned as n3n blocks
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P xð Þ5 P11 xð Þ P12 xð Þ
PT

12 xð Þ P22 xð Þ

� �
; (B1)

we easily check that inequalities in Eqs. 16 and 17 imply

�U1;ii xð Þ < 0; i 2 S (B2)

1

r21
�U1;ii xð Þ1 1

2
�U1;ij xð Þ1�U1;ji xð Þ
� �

< 0; i 6¼ j; i; j 2 S (B3)

where

�U1;ij xð Þ5
�W11;ij xð Þ HT

c;ij xð Þ
Hc;ij xð Þ 2W21 xð Þ

� �
; i; j 2 S;

with
�W11;ij xð Þ5P11 xð ÞAc;ij xð Þ1AT

c;ij xð ÞP11 xð Þ

2
d

dx
h xð ÞP11 xð Þð Þ1 d x2z2ð Þ2d x2z1ð Þ½ �h xð ÞP11 xð Þ:

Let

Q1 xð Þ5P21
11 xð Þand Ni xð Þ5Ki xð ÞQ1 xð Þ; i 2 S: (B4)

Premultiplying and postmultiplying the inequalities in Eqs.
B2 and B3 by matrix diag Q1 xð Þ; If g respectively, and using
the following property

dQ1 xð Þ
dx

52Q1 xð Þ dQ21
1 xð Þ
dx

Q1 xð Þ: (B5)

the inequalities in Eqs. B2 and B3 is equivalent to the
SDLMIs in Eqs. 19 and 20.

Define Q xð Þ5P21 xð Þ Using Eq. B5 with Q1 xð Þ5Q xð Þ the
inequalities in Eqs. 16 and 17 become

�Uii xð Þ < 0; i 2 S (B6)

1

r21
�Uii xð Þ1 1

2
�Uij xð Þ1�Uji xð Þ
� �

< 0; i 6¼ j; i; j 2 S (B7)

where

�Uij xð Þ5
�Wij xð Þ Q xð Þ ~HT

c;ij xð Þ
~Hc;ij xð ÞQ xð Þ 2W21 xð Þ

" #
; i; j 2 S

with

�Wij xð Þ5~Ac;ij xð ÞQ xð Þ1Q xð Þ~AT

c;ij xð Þ1h xð Þ dQ xð Þ
dx

2
dh xð Þ

dx
Q xð Þ

1 d x2z2ð Þ2d x2z1ð Þ½ �h xð ÞQ xð Þ:

By partitioning Q xð Þ as n3n blocks

Q xð Þ5 Q11 xð Þ Q12 xð Þ
QT

12 xð Þ Q22 xð Þ

� �
;

we easily check that the inequalities in Eqs. B6 and B7
imply

�U2;ii xð Þ < 0; i 2 S (B8)

1

r21
�U2;ii xð Þ1 1

2
�U2;ij xð Þ1�U2;ji xð Þ
� �

< 0; i 6¼ j; i; j 2 S

(B9)

where

�U2;ij xð Þ5Ai xð ÞQ22 xð Þ1Q22 xð ÞAT
i xð Þ2Li xð ÞCj xð ÞQ22 xð Þ

2Q22 xð ÞCT
j xð ÞLT

i xð Þ1h xð Þ dQ22 xð Þ
dx

2
dh xð Þ

dx
Q22 xð Þ

1 d x2z2ð Þ2d x2z1ð Þ½ �h xð ÞQ22 xð Þ1hðxÞ dQ22ðxÞ
dx

2
dhðxÞ

dx
Q22ðxÞ1½dðx2z2Þ2dðx2z1Þ�hðxÞQ22ðxÞ:

Let

Q2 xð Þ5Q21
22 xð Þand Zi xð Þ5Q2 xð ÞLi xð Þ; i 2 S : (B10)

Premultiplying and postmultiplying the inequalities in Eqs.
B8 and B9 by the matrix Q2 xð Þ respectively, and using Eq.
B5 with Q1 xð Þ5Q2 xð Þ the inequalities in Eqs. B8 and B9 are
equivalent to the SDLMIs in Eqs. 21 and 22. From Eqs. B4
and B10, we have Eq. 24.

Sufficiency

Suppose that Q1 xð Þ > 0 Q2 xð Þ > 0 Ni xð Þ Zi xð Þ i 2 S sat-
isfy the SDLMIs in Eqs. 19–22 and define Ki xð Þ and Li xð Þ
as Eq. 24. Using Eq. B5, we can see that Eqs. 19 give

N1;ii xð Þ < 0; i 2 S (B11)

1

r21
N1;ii xð Þ1 1

2
N1;ij xð Þ1N1;ji xð Þ
� �

< 0; i 6¼ j; i; j 2 S

(B12)

N2;ii xð Þ < 0; i 2 S (B13)

1

r21
N2;ii xð Þ1 1

2
N2;ij xð Þ1N2;ji xð Þ
� �

< 0; i 6¼ j; i; j 2 S

(B14)

where

N1;ij xð Þ5 N11;ij xð Þ HT
c;ij xð Þ

Hc;ij xð Þ 2W21 xð Þ

� �
; i; j 2 S

N2;ij xð Þ5Q2 xð ÞAi xð Þ1AT
i xð ÞQ2 xð Þ2Q2 xð ÞLi xð ÞCj xð Þ

2CT
j xð ÞLT

i xð ÞQ2 xð Þ2 d

dx
h xð ÞQ2 xð Þð Þ

1 d x2z2ð Þ2d x2z1ð Þ½ �h xð ÞQ2 xð Þ; i; j 2 S

with

N11;ij xð Þ5Q21
1 xð ÞAc;ij xð Þ1AT

c;ij xð ÞQ21
1 xð Þ2 d

dx
h xð ÞQ21

1 xð Þ
� �

1 d x2z2ð Þ2d x2z1ð Þ½ �h xð ÞQ21
1 xð Þ:

By Schur complement,32 it follows from Eqs. B11 that
there exists a scalar v0 > 0 such that

Nii xð Þ < 0; i 2 S (B15)

1

r21
Nii xð Þ1 1

2
Nij xð Þ1Nji xð Þ
� �

< 0; i 6¼ j; i; j 2 S (B16)

holds for all x 2 z1; z2½ � and any v � v0 where

Nij xð Þ5 N1;ij xð Þ N3;ij xð Þ
NT

3;ij xð Þ vN2;ij xð Þ

� �
;

N3;ij xð Þ5 2KT
i xð ÞGT

j xð ÞQ21
1 xð Þ 2KT

i xð ÞDT
j xð Þ

h iT
:
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Exchanging rows and columns of Eqs. B15 and
B16, yields exactly Eqs. 16 and 17 with P xð Þ5
diag Q21

1 xð Þ; vQ2 xð Þ
� �

> 0 for any v � v0:
Moreover, by considering Eq. B1 and ~y0 xð Þ5 yT

0 xð Þ 0
� �T

the inequality in Eq. 18 can be represented as

J < Jb5h~y0 �ð Þ;P �ð Þ~y0 �ð Þi5hy0 �ð Þ;P11 �ð Þy0 �ð Þi: (B17)

Hence, we can obtain Eq. 23 from Eqs. B4 and B17. �
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